oscode: fast solutions of oscillatory ODEs in cosmology
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oscode is a Python/C++ package for the fast solution of oscillatory ordinary differential equations. It handles equations of the form (t) + 2v(t)x(t) + w?(t)z(t) = 0.
The time-dependence of the frequency w and the damping term ~ can be explicit or implicit; below are examples of both. The algorithm is significantly more efficient than
conventional (Runge-Kutta-based) solvers found in numerical libraries, thanks to reduced number of steps needed to traverse highly oscillatory regions.
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Figure 1: Steps and accuracy of oscode solving & + tx = 0. Figure 2: Solving & + (HtQ) S —%x = 0, an equation exhibiting a burst of oscillations.

RK"and "WKB' mode, the continuous line being the exact solution - Left: oscode's internal steps for n = 40

= Right: relative accuracy of oscode's approximate solution : . : . : . | : :
& 4 PP = Middle: Relative error in oscode's solution, and error in pure RK' solution for comparison

= Compare to scenario where oscode only takes "RK' steps = Right: number of oscillations crossed per step for n = 10°

Schrodinger equation Primordial power spectra
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Figure 3: Eigenstates of the Schrodinger equation (V" + 2m(E — V(x))¥ = 0) in a harmonic potential well.
= Above Is an example where the eigenenergies are known, but can compute them
numerically: 10" |
= Start integration from well outside potential well on either side and meet at x = 0.5
= Compute V' /¥ at the meeting point for both solutions; the difference is minimal if the
energy Is an eigenvalue % = 100 | | G = 1000
= Calculated energy eigenvalues in a harmonic well with quartic anharmonicity up to -
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Figure 4: Scalar primordial power spectra in closed universes with varying start-of-inflation curvature Q¢ .

RK (Runge-Kutta) step: approximates the solution at a later time ¢ + h as a Taylor , , ,
expansion around . = Solve the Mukhanov-Sasaki (MS) equation for each wavenumber k, frequency is

WKB (Wentzel-Kramers-Brillouin) step: uses an analytic approximation which roughly proportional to &

gets better the slower the frequency of oscillations change, allowing oscode to = MS equation is an example of an oscillator where w and « are not explicit functions of
traverse highly oscillatory regions in few steps. time, are only available numerically

oscode switches between RK/WKB mode, choosing whichever allows for the = oscode deals with this by performing interpolation on a grid of w and ~ values

largest step within a given error tolerance.

The stepsize is updated to ensure the local error stays within the given tolerance.
Derivatives of the frequency and damping term are required for both the RK and
WKB steps, these are computed numerically as finite differences.

WKB steps also require integrals, which are computed using Gauss-Lobatto For full paper, code and an animated E E

= Can test models where the perturbations have to be computed while they are deep
inside the Hubble horizon and go through many oscillations before freeze-out.

integration. version of Fig. 4, take a photo of this
The RK steps and finite difference formulae were designed to minimise function QR code or visit
evaluations.
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